Focused wave is a practical laboratory method for reproducing extreme waves that cause catastrophic damage to marine and coastal structures. This paper presents a simple and efficient analytical method for predicting the hydrodynamic pressure and wave forces acting on a partially immersed box when subjected to a focused wave group attack. The boundary value issue of the physical problem is first investigated to derive an analytical formula based on potential flow theory and the matching eigenfunction method. Thereafter, the test data from a hydrodynamic experiment is used to verify the accuracy of the proposed analytical model. Using the validated analytical model, a parametric analysis is conducted to gain insight into the effects of the structural configuration and wave properties on the pressure and wave forces. It is observed that the hydrodynamic pressure on the offshore side plate, horizontal wave force, and moment are notably influenced by the structure breadth and draft. A focused wave with a lower peak frequency and higher focused amplitude is found to exert greater wave forces on the partially immersed box. The paper shows the value of linear wave theory for wave loads prediction even for focused waves although with some limitations.
Introduction
Extreme waves on offshore and coastal structures have been the subject for long time and their importance is increasing due to climate change, which leads to more severe storm and sea level rise. Obviously, the action of the extreme waves on structures, such as wind turbine foundations, offshore platforms, floating vessels, and breakwaters, is an important aspect that should be considered in order to improve structure safety during service periods.
Both regular and irregular waves have been successfully generated in physical or numerical wave flumes or basins in different manners and have been used extensively by researchers to investigate wave actions on structures. Compared to the abovementioned water waves, the extreme wave exhibits the characteristics of sudden appearance and powerful concentrated energy with strong nonlinearities. The physical mechanisms of extreme waves in the ocean and in a wave tank were reviewed by Kharif and Pelinovsky [1] and Chabchoub et al. [2] , respectively. Based on dispersive focusing method, which focuses all (or part) of the wave component energy in a specific location simultaneously, unidirectional or directional focused wave [3] was generated in the wave flume or basin. Focused wave has been effectively utilized for research extreme wave action on structures experimentally or numerically. Cox and Ortega [4] observed wave impact and green water on a fixed deck. It was concluded that a focused wave could cause a greater amount of slamming on a structure than a regular wave. Bai and Taylor [5] investigated wave diffraction around a vertical cylinder by means of a higher-order boundaryelement method. Their results indicated that the focus point influenced the maximum force direction. The wave force acting on a fixed horizontal cylinder was investigated by Hu et al. [6] , using their in-house code. The New Year Wave was numerically regenerated by a linear [7] and, subsequently, nonlinear energy-focusing method [8] using the commercial finite volume package FLUENT in order to study the force acting on a semisubmerged horizontal cylinder.
In addition to single-structure members, focused wave action on marine and offshore structures has also been addressed by researchers. Weller et al. [9] reported experimental measurements of the complex motion of a floating body in a near-focused wave. It was found that the horizontal excursion of the float was over six times that of the vertical displacement during focused wave propagation. Using a constrained interpolation profile-(CIP-) based highorder finite-difference method, Zhao et al. [10] calculated floating body motion under a focused wave and compared the measurements with their previous experimental results. Furthermore, the response of a semi-submersible model under a focused wave was experimentally investigated by Banks and Abdussamie [11] , in which the focused wave was found to be a reliable method for testing the dynamic response of offshore platforms.
Dealing with wave-structure interaction problem, the potential flow method has been proven to be a workable and efficient approach. Black et al. [12] investigated the radiation and scattering phenomenon of surface waves led by a floating rigid box. With a simple Green's function technique, Poul and He [13] calculated the added mass and damping coefficients of 2D structures in or below free surface. Subsequently, Williams [14] investigated the Froude-Krylov force coefficients of rectangular body located close to free surface or seabed with linear diffraction solution. Furthermore, Wu et al. [15] analysed the wave excited response of an elastic floating box by the eigenfunction expansion-matching method. Inspired by existing successful application, the potential flow method is broadened to investigate the wave scattering and radiation problem of more complex structures, such as submerged decks [16, 17] , complex rectangular floaters [18] , rigid body with elastic plates [19] , perforated walls [20] , bottom step [21] , and, most recently, T-shaped floating breakwater [22] .
Besides, the potential flow method has also been extended to study the wave action on navigation lock sliding gate [23] and submerged wave energy converters [24] , even the wave overwash of a step [25] . Except that, Baarholm and Faltinsen [26] solved the wave impact on a fixed deck under the regular incident waves with the potential flow assumption by nonlinear boundary-element methods.
The geometry of ocean structures, such as ocean platforms, very large floating structures (VLFS), breakwater, and wave energy devices, can be simplified as rectangular bodies. It can be summarized that the focused wave generation methodologies in physical or numerical wave flumes have all been successfully developed based on the potential method. Therefore, as a simple means of gaining insight into the wavestructure interaction mechanism under a focused wave, it is possible to use the potential method for investigating wave action on this structure type. However, this issue has seldom been addressed by researchers.
Aiming at convenience and efficiency, this paper presents an analytical solution for focused wave action on an immersed box by applying the potential flow method to investigate the velocity field of focused wave. This paper is organised in five parts. A detailed analytical formula for the boundary value problem is derived firstly. The presented method is validated through comparison between the analytical and experimental results subsequently. Following this, a parametric study is conducted to check the effect of structure configuration and wave properties. Finally, concluding remarks are provided.
Analytical Formula
. . Boundary Value Problem. A schematic of the defined problem is provided in Figure 1 . As illustrated in the figure, a rigid box with a breadth B and draft h is fixed in the water with uniform depth d. For the convenience of the following analysis, a 2D Cartesian coordinate system is defined, with the origin O coinciding with the box centre. The x-axis of the coordinate system is assumed to overlap with the still water level (SWL) and the z-axis is upward.
For a focused wave, the 2D free surface elevation (x,t) can be expressed as
where a i is the amplitude of the i-th wave component with wave angular frequency = f i and initial phase , k i is the corresponding wave number, and N f is the total number of wave frequency components. The wave angular frequency and wave number satisfy the dispersion relation:
where is the gravity acceleration and d is the water depth. According to Longuet-Higgins [27] , Rayleigh distribution can be used to describe the wave height of sea wave. The probability of occurrence of a freak wave in an irregular wave train can be estimated, about 3.35×10 −4 taking the wave height of freak wave as two times of significant wave height. This means it will take very long time to obtain one freak wave in the irregular wave train. Besides, the occurrence time and location of the freak wave are difficult to define by users. One practical method to obtain freak wave in wave flume is dispersive focusing method.
If a focused wave is achieved at focus time b and focusing location b , the initial phase of wave component should satisfy the following equation:
Therefore, the initial phases can be obtained as
Generally, m is taken as 0 and the wave elevation, as described in (1), becomes
A particular form of focused wave group generally used to represent extreme conditions [28] is given by
in which ( ) is the discretised energy spectrum, û is the frequency resolution, and A max is the maximum crest amplitude equalling the summation of a i . Based on linear wave theory, the velocity potential of the entire fluid domain under a focused wave can be expressed as the sum of the velocity potential of the different wave frequency components:
where is the velocity potential of the i-th wave component, j = √ −1, and Re[⋅] represents the real part of a complex expression. Moreover, the velocity potential of each single wave frequency component should satisfy Laplace's governing equation:
For each single wave frequency component, the boundary conditions at the free surface, seabed, and wet surface of the box can be expressed as follows: 
As indicated in Figure 1 , the entire space domain can be divided into three subdomains, including the offshore open subdomain Ω 1 , onshore open subdomain Ω 3 , and interior subdomains Ω 2 , covered by the fixed box. At the interface of adjacent subdomains, the following continuity conditions should also be satisfied for the velocity potential and horizontal velocity:
where 1 , 2 , and 3 are the i-th wave component velocity potential of subdomains Ω 1 , Ω 2 , and Ω 3 , respectively.
. . Analytical Solutions. According to the eigenfunction expansion method, the velocity potentials of the three subdomains (denoted by superscripts) for the i-th wave component can be expressed as follows based on the boundary condition of corresponding subdomain [29, 30] :
where A in , B in , C in, and D in are unknown coefficients; 1,2,3 and 1,2,3 ( ) are the corresponding wave numbers and eigenfunctions for each subdomain, respectively; and a i is the amplitude of the i-th wave component referring to (6) .
For the velocity potentials of the offshore subdomain Ω 1 , the first item in (11) represents the incident velocity potential, the second denotes the reflected velocity potential, and the infinite series indicate the evanescent modes which only influence the local zone around the structure. For the velocity potentials of the onshore subdomain Ω 3 , the first item in (12) represents the transmitted velocity potential, and the infinite series indicate the evanescent modes that attenuate quickly along the positive x-direction.
In (11)-(13), the vertical eigenfunctions and corresponding eigenvalues of the offshore domains Ω 1 and onshore domains Ω 3 are identical and given by
with the corresponding eigenvalues of
For the box-covered subdomain Ω 2 , the vertical eigenfunctions are
and the corresponding eigenvalues are
The eigenfunctions expressed in (14) are orthogonal to one another in the corresponding subdomains of Ω 1 and Ω 3 , as follows:
For the covered subdomains Ω 2 , the eigenfunctions also satisfy the following orthogonality:
For the neighbouring subdomains Ω 1 and Ω 2 , the potential continuity at interface = − can be expressed as follows, by substituting (11) and (12) into (10):
By multiplying the eigenfunctions 2 ( ) and 1 ( ) on both sides of the above two equations and integrating the equation within the scope of the water depth (-d, -h) and (-d, 0) for the first and second equations, respectively, two sets of linear equations are obtained after truncating n at : in the vector and matrices are given in the appendix and [E] is the (N+1) × (N+1)-dimensional identity matrix. Similarly for the interface x=b between the neighbouring subdomains Ω 2 and Ω 3 , the continuity condition (10) can be expressed as The following two sets of linear equations can be obtained by applying the orthogonality of eigenfunctions and truncating n at N: With the matrix equations, the unknown coefficients of the above linear equations can be solved separately, and 0 and 0 are the reflected and transmission coefficients of the i-th wave frequency component, respectively, satisfying
When the flow field potential has been determined, the pressure field contributed by the i-th wave frequency component can be obtained by Bernoulli's principle:
The wave force acting on the partially submerged box, exerted by the i-th wave frequency component, can be calculated by integrating the pressure acting on the body surface. Therefore, the entirety of pressure and wave forces acting on the box can be obtained by summing all wave components:
where H , V , and M are the horizontal, vertical, and overturning moments relative to the point O, as shown in Figure 1 , with positive in clockwise direction, respectively, and is the water density.
. . Examination of Convergence. Shown in (11) to (13) , the accuracy and convergence of the solutions are influenced by the truncation order of the evanescent modes in the velocity potentials. The convergence of the analytical solution is investigated by using a limited order of the evanescent modes. To achieve this, two cases with different wave parameters and structural configuration were checked by numerical simulation. The input peak frequency P was 0.6 Hz and maximum wave amplitude max was 5.0 cm for Case 1, while the configuration of the box, as shown in Figures 1 and 2 is d = 0.5 m, h = 0.025 m, and B = 0.6 m. Case 2 was similar to Case 1 except P =1.0 Hz, max = 8.0 cm, and h = 0.15 m. Based on the proposed method, the simulation results of the pressure at certain position shown in Figure 2 (b) and wave forces acting on the box with a different truncation order are listed in Table 1 . It can be seen that the pressure of both two cases quickly converges to a stable value with six evanescent modes. However, the wave forces convergence is relatively slow until the truncated order N reaches 8. To balance the computational accuracy and efficiency, the truncated order is set to 12 in the following analysis.
Validation
. . Experimental Setup. A hydrodynamic experiment was conducted to measure focused wave action on a partially immersed box in the Hydraulics Laboratory at the University of Manchester in order to validate the proposed analytical method. The experiment was carried out in a 2D wave flume which is 17.0 m, 1.3 m, and 1.0 m in length, width, and depth, respectively. One force-feedback absorbing pistontype wavemaker is installed at one end of the wave flume to generate waves while an elliptical slope beach is equipped at another end to eliminate wave energy. The experimental setup is illustrated in Figure 2 . It can be seen that the box is 60 cm wide and 20 cm high, while the water depth and draft are 50 cm and 15 cm, respectively. The box is tightly clamped on the side wall of the wave flume to make the support as rigid as possible. Free vibration test shows that the first mode frequencies are 36.3 Hz in the vertical direction and 20.3 Hz in the horizontal direction, which are abundantly higher than the wave frequencies.
In the experiment, the incident wave is periodic focused wave which was generated by running several focused wave group with the same focusing location but different focused time in the wave flume at the same time. Before installing the specimen, the periodic focused wave was firstly checked in the empty wave flume. The water surface elevation is measured at two positions, with a distance 7.3 m and 8.0 m to the wave maker, respectively. Figure 3(a) shows the undisturbed elevation recorded at the focusing location. It can be seen that the wave elevations are repetitive and generally agree well with theory except some difference existing at wave troughs. It has limit influence on the test results as only the pressure generated by the focused wave crest are concerned in this study. By shifting different focused time to the same temporal position, the repeatability can be much more clearly seen from Figure 3 group and the rest 2nd to 6th focused wave groups which is expected due to the reflection. Quite repetitive elevations can be found for the 2nd to 6th focused wave groups even some difference exists in the leading part which maybe results from imperfect absorption of wavemaker and the influence of previous groups. However, those differences can be neglected as only the pressure or force generated by the focused crest is concerned in this study. As shown in Figure 3 (a), every incident wave trial has 6 focused group. Conscientiously, only the hydrodynamic pressure generated by the first three focused waves was considered in the following comparison to avoid the possible effects of the imperfect absorption of wavemaker and second reflection. Beside, wave run-up on the side plate can be observed during the test. The test plan was designed to cover a range of peak frequency p and an appropriate maximum wave amplitude max = 3.5 cm to avoid significant wave breaking and overtopping during the wave-structure interaction. Actually, measured wave amplitude has some difference compared to the designed value. The measured wave amplitude and peak frequency of the test is given in Table 2 . All NewWave type focused wave groups with a JONSWAP spectrum but different peak frequencies p and maximum wave amplitudes max were verified in the empty wave flume prior to the tests, and the wave making files of all checked waves were saved for the wave-structure interaction test.
The hydrodynamic pressure acting on the offshore side plate and bottom was measured by 6 Druck5 UNIK PTX5072 serial gauge type pressure transducers (Figure 2(b) ). The sampling rate is 500 Hz while the maximum response frequency of the sensor is 3.5 kHz. An image of the experimental setup can be seen in Figure 2 . . Comparison with Experimental Results. The checked wave profile at focusing location in the empty wave flume was used as the wave input for the proposed method. Figure 4 depicts the comparison between the calculated results and measured time series of the hydrodynamic gauge pressure generated by the first focused wave group of wave trial with P = 0.7 Hz and max = 3.78 cm. It is observed that the maximum pressure measured by all sensors almost occurred at approximately 37 s, at which time the maximum wave crest of the focused wave reached the box submerged in water. Both the experimental and calculated results show that the time difference is less than 0.1 s. Taking the phase velocity of the peak frequency P = 0.7 Hz as the representing phase velocity of the focused wave, the time lag between the peak pressures of two neighboring sensors can be estimated to be 0.069 s, which is consistent with the measured and analytical results. During the wave propagation process across the box, the maximum pressure of the offshore side (P0) was found to be approximately twice that of the bottom side (P1). This difference between the peak pressure of P0 and P1 results from the hydrodynamic pressure difference in the propagating wave field and the larger diffraction force on offshore side of the immersed box. Negative pressure was also measured during the wave-structure interaction, which resulted from the wave trough propagating through the structure. Furthermore, the hydrodynamic wave pressure decreased gradually along the bottom deck. From the comparison between the calculated and measured results, it can be found that the present method overestimates the peak pressure in some extent, especially for the offshore side plate and the leading region of the deck. This phenomenon mainly results from the limitation of present method, which cannot effectively consider the nonlinear effects existing in the hydrodynamic experiment. However, from the engineering practice view, the present method can be adopted as a conservative approach to estimate the wave loads on the structures. In general, the simulation results agreed reasonably with the tested results, which demonstrates that the proposed method can effectively represent the hydrodynamic behaviour of a semisubmerged box subjected to focused wave action.
In order to investigate the effectiveness of the analytical method more thoroughly, a comparison between the maximum measured and calculated pressure is shown in Figure 5 . In this figure, each pentagram represents the maximum measured pressure value during a single focused wave event in the wave trial, while the square indicates the calculated results. It can also be seen from the figure that the hydrodynamic pressure decreases gradually along the focused wave propagation direction for all wave conditions. In the case of lower peak frequency, the analytical method provides a relatively conservative pressure prediction, particularly at the offshore side plate and deck front area. With an increase in wave frequency, the analytical results are increasingly similar to the test results.
It is believed that the diffraction effect plays a dominant role when B/L> 0.2 [31] . Figure 6 shows the ratio B/L for all wave frequency components included in the wave trial shown in Figure 4 . It can be observed from Figure 6 that B/L is smaller than 0.2 when wave frequency f < 0.63 Hz which means the immersed box is a small object for those frequency components. For the wave trial shown in Figure 4 , the part of wave components with f < 0.63 Hz holds 12 percent wave energy of the whole wave spectrum. It should be noted that the proposed method may overestimate the loads acting on small box generated by focused wave with low peak frequency.
Parametric Study
The pressure and wave forces acting on the box are influenced by several parameters, including structural breadths, drafts, and focused wave properties. The wave force can be expressed as = ( , , max , , ℎ, , ) ,
where F represents the wave forces F H , F V, and M or wave pressure P(x, z).
The wave forces maybe depend on a set of variables:
Parametric analysis is conducted based on the proposed analytical method to investigate the sensitivity of wave and geometrical parameters. In the following analysis, the dimensionless results of the hydrodynamic pressure and wave forces acting on the immersed structure are discussed for the instant when the focused wave fully generated and shaped at the focusing location.
. . Effect of Structural Breadth. To focus on the structural breadth effect, the other parameters are kept constant during the analysis, including p =1.0 Hz, max =5 cm, h=15 cm, and d=50 cm. Figure 7 illustrates the pressure distribution on the offshore side plate and the deck bottom of the partially immersed box with a varying breadth-depth ratio B/d between 0.20 and 1.2. It can be seen that the pressure acting on the offshore side plate decreases gradually along the immergence direction. This pressure distribution trend is identical for the entire structure breadth. Furthermore, it is observed that the structure breadth variation only slightly affects the pressure distribution along the immergence direction. For pressure acting on the deck bottom, it is observed that increased breadth would induce an obvious increase in pressure on the leading edge of deck, while strongly decreasing in the following region.
Based on the simulation results, the variation in dimensionless wave forces is shown in Figure 8 , following (27) to (29) . It is evident that the negative moment is significantly reduced and even reversed with the structure breadth ratio increase from 0.2 to 1.2. However, the vertical and horizontal wave forces almost remain stable about the change of breadth ratio except slight decrease and increase when the breadth ratio changes from 0.2 to 0.6, respectively. Actually, the increase of the breadth of the structure would induce large vertical force. Nevertheless, the increase of the breadth also leads to more reflection, which means the hydrodynamic pressure at the bottom of deck would decrease. In Figure 8 , the dimensionless values include the effect of both factors. It can be concluded that the wider structure breadth (B/d > 0.6) leads to more severe reflection which exerts greater pressure on offshore side of the immersed box, but lower pressure on the bottom of the box. When the structure breadth ratio exceeds 0.6, the dimensionless horizontal and vertical wave forces are slightly influenced by the relative structure breadth.
. . Effect of Structural Dra . Using the same wave properties as the attack focused waves and water depth, the pressure acting on the partially immersed box is investigated with structure breadth B=0.6 m and the relative draft h/d varying from 0.05 to 0.5. As shown in Figure 9 , relative draft is a very important parameter affecting the pressure on side plate and deck bottom. With h/d varying from 0.05 to 0.5, the maximum pressure on the offshore side plate, which always occurs near free surface, is reduced by more than 20% while the pressure at the end of side plate drops from 1.25 to 0.41 significantly. The change of pressure on the offshore side plate is a result of the combination of stronger reflection led by thick box and pressure attenuation along vertical direction. Furthermore, it is found that the bottom deck hydrodynamic pressure decreases significantly with increasing structure draft, because the focused wave effects are obviously weakened. The pressure attenuation along the wave propagation direction becomes less obvious owing to the weakening of the wave energy density as the box being further submerged.
In order to gain direct insight into the structure draft influence, wave forces were calculated by integrating the structure surface pressure. As shown in Figure 10 , the dimensionless horizontal wave forces increase slightly and then decrease gradually while the vertical wave forces show slow decline with increase of the draft h/d. It is well known that deeper draft leads to severer reflection which will result in . . Effects of Wave Properties. The effects of the wave properties, such as peak frequency and focused amplitude, are investigated in this subsection. As the present analytical solution is a linear potential method-based model, the wave forces are linear about the maximum amplitude of the focused wave. Only the peak frequency is discussed in the following. The structure configuration remained constant, with B=60 cm, h=15 cm, and d=50 cm. The influences of the peak frequency on the pressure distribution and wave forces are shown in Figures 11 and 12 , respectively. Focused wave with a lower peak frequency contains more long-period wave components with longer wavelengths. Therefore, for the offshore side plate, the influence of the focused wave peak frequency becomes stronger along the water depth. Due to the specific characteristics of the long-period waves, a focused wave with a lower peak frequency generates higher pressure on the deck bottom. Obviously, the dimensionless horizontal wave force first increases slightly and then decreases gradually with an increase in peak frequency, while the vertical force and moment only decline slightly, as illustrated in Figure 12 . This means the focused wave with low peak frequency is much more dangerous for offshore structures.
Conclusions
Aiming at focused wave action, this paper presents an analytical method for analysing the hydrodynamic pressure and wave forces of a fixed submerged box, according to potential flow theory and the matching eigenfunction method. Following validation with the test data, the proposed method was used to investigate the influences of the structure configuration and wave properties by means of parametric analysis. It was found that the proposed method can effectively predict the hydrodynamic pressure on the wet surface of a partially submerged box. The parametric analysis results indicate that the structural breadth significantly influences the hydrodynamic forces when it is smaller than 0.6. A large breadth ratio B/d leads to a higher horizontal wave force but lower vertical wave force and overturning moment. The dimensionless hydrodynamic forces gradually decline with the increase of structural draft. A focused wave with a lower peak frequency and larger focused amplitude would exert larger wave forces on the structure. It should be noted that the present method cannot consider nonlinear waves involving significant nonlinear effect, such as wave breaking and overtopping. The paper shows the value of linear potential method for wave loads prediction even for focused waves even with some limitations existing. other.
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